Abstract-In this paper, we adapt a novel mode-matching and method-of-moments hybrid technique to efficiently analyze substrate integrated waveguide (SIW) based devices. The hybrid technique is formulated in terms of a single equivalent current. This fact is used to include the emergent modal weights, i.e., the scattering parameters, as unknowns of the method-of-moments system of equations. In this case, it is relatively easy to develop fast frequency sweep schemes that can be used to highly accelerate the solution of an arbitrary device and, as a result, a very efficient technique is obtained. This technique can be applied to the analysis and design of SIW devices, and it is highly competitive when compared to other method-of-moments and mode-matching hybrid formulations or when compared to reference commercial software.
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I. INTRODUCTION
R
ECENTLY [1] , we presented a novel mode-matching [2] and method-of-moments [3] hybrid technique that can be used to analyze any device that is fed through canonical waveguides. Generally, these hybrid techniques are formulated by applying the well-known equivalence theorem [4] , [5] so that the ports are replaced by a pair of unknown electric and magnetic current densities. A hybrid proposal that uses this pair of currents to achieve the equivalence [6] has been successfully applied to the analysis of substrate integrated waveguide (SIW) [7] - [9] devices. Another recent contribution for the accurate and efficient analysis of SIW circuits is based upon the well-known boundary integral-resonant mode expansion (BI-RME) method [10] - [13] , which provides the generalized admittance matrix of the SIW circuit in polar form with a reduced number of freManuscript received July 29, 2010; revised November 11, 2010 ; accepted November 20, 2010 quency-dependent computations. However, more efforts on increasing the numerical efficiency of these hybrid modal analysis methods can still be developed, specifically by considering other generalized matrix formulations (i.e., the one based on scattering parameters) together with fast frequency sweep schemes.
In [6] , the metallized holes, which form the SIW, are characterized by means of cylindrical emergent spectra. This modal characterization implies an important computational advantage, and since we can use this modal approach in our hybrid formulation, we will apply this idea and try to develop a method as efficient as possible.
In our hybrid formulation, we propose a port characterization based on a single electric current density, in opposition to the common strategy based on two equivalent sources, a pair of magnetic, and electric current densities. On one hand, this simplification helps in reducing the computational cost of the overall hybrid technique since the computation of the scattering parameters is much more simple. On the other hand, since the scattering parameters are directly unknowns of the resulting system of equations when our formulation is applied, developing a fast sweep scheme for this kind of problem is relatively easy.
In a first stage, we will test the efficiency and accuracy of a fast frequency sweep developed by means of an asymptotic waveform evaluation (AWE) [14] - [18] . In this technique, an approximate response is computed from the analysis of the problem in a single frequency point inside the bandwidth of interest.
Sometimes the desired bandwidth is so wide that it is not possible to get a good approximation from a single point. A solution to this problem is to use more than one point to develop such an approximation. The main difficulty of this strategy is to find the appropriate points for these partial AWE sub-expansions. In order to find these points, one can use the technique known as complex frequency hopping (CFH) [19] , [20] . If we apply this technique, we can ensure that the approximation will be as good as desired provided enough points are considered. The width of the analyzed frequency range will not affect the accuracy of the results, but the cost will be proportionally increased.
In this paper, we will apply both fast sweep approaches and we will discuss their accuracy and efficiency. Finally, we will compare the results to experimental measurements. on both faces. These faces act as the upper and lower walls of the waveguide. On the other hand, the sidewalls of the rectangular waveguide are replaced by a set of small conducting cylinders (via-holes) that are placed close enough to each other to approximate the sidewalls.
II. PROBLEM FORMULATION
Since the cylinders are invariant along the vertical dimension, and considering that no power is leaking out of the SIW, a SIW can be very well approximated by a completely bi-dimensional scattering problem. If we apply this approximation, it will be only necessary to consider the modes of the SIW that correspond to the modes of the equivalent ideal rectangular waveguide [1] , [6] , [21] , [22] .
In order to characterize the cylinders, we will expand the field scattered by each cylinder as a linear superposition of cylindrical modes that emerge from its center, i.e., (1) where is the field emergent from the th cylinder evaluated at ;
is the Hankel function of order ; is the wavenumber; is the angle that forms with the -axis; is the position of the center of the th cylinder; is a unitary vector perpendicular to the metallic walls that limit the dielectric substrate;
is the weight associated to the th mode emerging from the th cylinder; and is a vector that contains all the modal weights belonging to the th cylinder.
For computational reasons, we cannot consider infinite emergent spectra. Therefore, we necessarily have to truncate the series of (1). In order to truncate the series, we have applied a truncation criteria, which depends on the radius of the characterized cylinder . Specifically, we have determined the highest order mode to be considered, , applying the following expression: (2) where rounds the elements of to the nearest integer greater than or equal to . With this equation, we ensure that is at least 3 no matter how small the cylinder is, thus ensuring a good accuracy. We have fixed a minimum value in order to prevent a small cylinder from being characterized by an excessively low number of modes.
Finally, the electric field that the th cylinder emits can be computed, (3) so that we will have to determine different modal weights for every considered cylinder.
Hankel functions diverge when its argument is small and its order progressively increases and becomes larger than its argument. Typically, the cylinders in a SIW are small when compared to the wavelength. This means that the Hankel functions associated to the higher order modes of (3) will return very high values when they are evaluated over the contour of the source cylinder. These extremely large values will be compensated by small values of the corresponding modal weights. Unfortunately, this fact will result in a very ill-conditioned system of equations since we will need a large number of modes to provide accurate results. In order to solve this problem, we will scale the modal weights and the diverging Hankel functions. Specifically, we will divide the diverging Hankel function by a large value, and at the same time, we will multiply the coefficient by the same number in order to maintain an equivalent series. The coefficient chosen to correct the series will be the constant value equal to . If we define the new modal weight as , (3) will then become (4) Finally, to calculate the magnetic field generated by a cylindrical source, we will use the Maxwell's curl equations, i.e., (5) so that (6) (7) where . Once we have elucidated how the field generated by the cylinders that form the SIW is going to be characterized, we will analyze how these expressions can be useful to improve the efficiency of the method of [1] .
In [1] , a general mode-matching and method-of-moments solver is particularized to analyze -plane problems in rectangular waveguide. This particularization can be directly applied to the SIW case thanks to its geometry. Therefore, if we apply the method of [1] , keeping in mind that the cylinders can be modally characterized, the generic problem of Fig. 2 will produce the following system of equations: (8) where are the amplitudes of the guided modes reflected by the accessing ports, are the weights of the currents used to expand the equivalent sources at the accessing ports, and ( in [1] ) exclusively contained the weights associated to the basis functions of the method of moments used to expand the unknown equivalent current. This current is induced over the conducting walls limiting the cavity and the contour of the scatterers inside this cavity by a known excitation. In the case we are studying here, the cylinders are modeled as modal sources instead of by means of an induced current. Therefore, in addition to the currents around the scatterers inside the SIW, we will have another set of unknowns, the modal weights necessary to calculate the scattered fields generated by the circular cylinders inside the SIW or limiting it. This means that will have, in this case, two parts, (9) , which stores the weights used to reconstruct the current induced along the contour of the irregular scatterers, and , which stores the modal weights of the field scattered by the cylinders.
We have evaluated the contour conditions of the problem by applying point matching. Pulse functions have been used to expand the current along the contour of the irregular scatterers and the ports, and the fields have been projected over Dirac's Delta functions uniformly distributed along the contours where the boundary conditions must be enforced. This means that, with the exception of the modal characterization of the circular scatterers, the rest of elements in (8) have the same meaning as in [1] . The first row of (8) contains a set of equations that enforces the tangential electric field continuity at the ports; the second row is a set of equations, which enforces the tangential magnetic field continuity, again at the ports, and, finally, the last row enforces the tangential electric field at the contour of the circular and irregular scatterers to be zero.
III. VALIDITY OF THE SOLUTION FOR AN OPEN CAVITY
The single current based equivalence of [1] is only possible if the region that is going to be analyzed is completely closed. This is not the case we are studying here so the problem of Fig. 2 would be exactly characterized if, and only if, the problem is placed inside a closed cavity, as in Fig. 3 . In this case, since the problem is exclusively excited through the ports, and assuming the SIW is well designed so that the field that escapes from it can be neglected, the field that reaches the limits of the cavity can be supposed to be zero. This means that there exist no currents along the limits of the auxiliary cavity that encloses the SIW and, therefore, it will not be necessary to consider them. Therefore, the problem of Fig. 2 will provide very accurate results, almost indistinguishable from the results of the problem of Fig. 3 , with a noticeable lower computational cost. A similar discussion is used in [6] to justify the presence of equivalent currents only at the ports.
Moreover, the analysis of Fig. 3 , although rigorous, is not realistic, because the extremely small field that escapes from the SIW, will reach the end of the substrate. To adequately characterize this situation, a 3-D electromagnetic solver is necessary since this phenomena cannot be modeled using a 2-D approach. Fortunately, this effect is negligible, as we will see in Section VI.
Due to all these reasons, we will analyze the SIW devices applying the discretization of Fig. 2 , and we will see that it is perfectly valid since, in spite of the approximations, the results are highly accurate.
IV. FAST SWEEP In order to obtain the frequency response of a given SIW device, it is necessary to solve the system of equations of (8) for a certain set of discrete frequencies close enough to appropriately describe the evolution of the response. This discrete frequency sweep is the most accurate, although the slowest as well.
Fortunately, there exist other alternatives that implement fast frequency sweeps. In order to perform a fast frequency sweep, maybe the most known technique is the AWE [14] - [18] .
This technique is applied to solve a system of equations (10) whose elements depend on a certain parameter, the frequency in our case, e.g.,
In order to apply this method, we will suppose that all of the elements can be expressed in form of a Taylor's series. As a result, if we call (12) with equal to , or ; and call ; the system of equations will become (13) After calculating the moments of , i.e., , and ; we can progressively calculate the moments of the unknown vector . Specifically, [15] , [17] , (14) where
Once we have the desired terms of the Taylor's series of the unknowns, we can use them to obtain a Padé approximation (polynomial quotient) of the elements of since the Padé approximation is more appropriate to characterize the frequency evolution of the scattering parameters of a passive device. The calculation of the Padé approximation from the Taylor's series can be found in [16] - [18] .
The only difficulty in the application of AWE is to find a relatively easy and costless procedure to calculate the moments of and . In our case, is the matrix of coefficients of (8) and is the excitation. Fortunately, can be extracted from the first columns of (see [1] ). Therefore, to apply AWE to our problem, we only need to find the moments of the matrix .
In order to calculate the moments of , we need to calculate the successive partial derivatives of its elements with respect to the frequency. The elements, which belong to the second and third columns of , are Hankel functions so it is possible to calculate its th-order derivative analytically [23] - [25] .
Unfortunately, these Hankel functions are multiplied by the frequency or appear in the form of a quotient of Hankel functions [see (4) , (6) , and (7)]. This means that the difficulty to calculate these derivatives increases notably and implies a very high computational cost since they require the evaluation of several Hankel functions.
However, the calculation of the analytical derivatives is not necessary since we have observed that the frequency variation of those elements can be extremely well approximated using the following expression: (16) where (17) (18) (19) (20) The moments obtained using this approximation are very similar to those obtained with the analytical derivatives. Since the approximation requires less computational effort, we have preferred it to the analytical results for the calculation of the moments.
Moreover, to confirm the validity of the approximation of (16), we have compared the reconstruction of the matrix of coefficients from its moments to the direct calculation of the matrix for several frequencies. The reconstructed and the directly computed matrices are very similar. Definitely, this fact sustains the goodness of the approximation of (16) .
If we use this approximation, the first derivative with respect to the frequency of the elements of the second and third columns of can be computed as (21) where (22) (23) The first derivative has the same structure as the original function. Therefore, the expression for the th derivative will be (24) where (25) (26) The moments we are looking for are these derivatives evaluated at and divided by a certain factorial factor, i.e., (27) We have applied this approximation to obtain the moments of the elements of the second and third columns of . However, we have not found a good enough frequency approximation for the elements of the first column, nor an analytical expression for their derivatives. This is the reason why we have computed the moments of these elements numerically.
AWE can be applied to quickly calculate the frequency response of a passive narrowband SIW device. For wideband devices, CFH [19] , [20] can be used.
The CFH is simply a successive application of AWE. The desired bandwidth is divided in several pieces and AWE is applied independently to every single piece.
The only difficulty of CFH is to find the appropriate division of the bandwidth. For its simplicity, we have applied the algorithm in [26, Sec. V-A] to determine such frequency intervals.
V. LOSSES
In order to characterize the losses in the conductors, we apply the concept of square impedance since it allows the application of the well-known Leontovich's contour condition [27] ( 28) where is the square impedance of the conductor and its conductivity; and are the fields, electric and magnetic, respectively, tangential to its external surface.
Since the boundary condition is now different, it is necessary to modify the third row of (8) . Two new matrices, and have to be defined.
is a matrix, which multiplied by the currents at the ports, gives the discretization of the magnetic field, generated by those currents, tangential to the irregular or circular metallic scatterers. On the other hand, is a matrix, which multiplied by the modal weights of the via-holes and the currents of the irregular metallic scatterers, gives the magnetic field, generated by those sources, tangential to the metallic scatterers.
By using these two new matrices, the system of (8) becomes (29) with and Simultaneously, we can also characterize the dielectric losses if we calculate the elements of (29) using the complex permittivity, , where is the loss tangent of the dielectric.
VI. RESULTS
We have tested the efficiency and accuracy of our method by analyzing the four coupled cavity filter and the hybrid ring of Fig. 4 . This hybrid ring is a design of [6] , which has been adapted to the substrate we have used to fabricate these devices, a Rogers RO4003 dielectric substrate of 1.525-mm height with 35-m copper metallization layers, and a dielectric constant of 3.55. The dimensions of the filter and the ring can be seen in Tables I and II, respectively. Fig . 5 shows the comparison between the results obtained by applying the technique of this paper and the results provided by the commercial software Ansoft HFSS for the filter of Fig. 4(a) . We have solved the device with [see Fig. 5(b) ] and without [see Fig. 5(a) ] considering the dielectric and metallic losses. It can be observed that there is a complete agreement between the discrete sweep response and the fast sweep responses, both with AWE and CFH.
The technique presented in this paper can only be applied to solve the SIW problem since it is essentially a 2-D approach. In order to obtain the solution of the same problem fed through microstrip lines, a 3-D simulator will be necessary. The geometry of the adaptation taper, which would allow us to feed the problem through a microstrip, does not depend on the specific SIW device analyzed. Thus, the taper can be designed and solved apart. Therefore, we can still use the bidimensional approach to design and analyze these SIW devices. First, we have designed and solved the taper by means of a commercial 3-D solver (HFSS), and we have computed its generalized scattering matrix. After this, we have analyzed the device by using HFSS and the technique presented in this paper, and we have computed its generalized scattering matrix as well. Finally, by applying the well-known method of the generalized scattering matrix [28] , we have cascaded the different matrices to obtain the response of the filter with the tapers.
The results of the filter of Fig. 6 (b) are shown in Fig. 7 . The dimensions and geometry of the taper can be seen at Fig. 6(a) . The results of the hybrid technique are compared with the HFSS analysis of the filter by pieces, with the full HFSS analysis of the filter (considering the tapers and the SIW at the same time), and with experimental results.
Finally, in Table III , we have tabulated the temporal costs associated to the analysis of the SIW part of the problem (the filter without tapers). We exclusively compare the cost of this part because, in a design process, the taper needs to be analyzed only once, while the SIW part has to be progressively tuned and, therefore, solved multiple times.
The technique proposed here notably improves the efficiency provided by the commercial software HFSS, which we have used as reference. This improvement can be noticed not only in the case of the discrete sweep, but also in the fast sweep.
As we advanced at the beginning of the section, we have also tested the method using a multiport device, specifically, the hybrid ring of Fig. 8(b) . As we have done before with the filter, the generalized scattering matrix of the taper of Fig. 8(a) has been computed using HFSS. In this case, the full response of the device has been calculated by cascading five generalized scattering matrices [28] , four tapers, and the hybrid, which has been solved using the technique presented in this paper. The computational cost for this same device in [6] was 12 s per frequency point with a 3.6-GHz processor. The new method requires 2.2 s per frequency point with discrete sweep and an Intel Core 2 Duo processor at 2.8 GHz and 4 Gb of RAM memory. For a response with 60 points, 720 s are required in [6] (discrete sweep), 1362 s with HFSS (fast sweep), and 10.72 s with the new method and using the AWE fast sweep. Fig. 9 (a) and (b) shows the comparison between the simulation and measured data. The differences that can be observed in the results are due to the fact that the simulation does not consider the losses produced by the coaxial-to-microstrip connectors we have used to excite the microstrip ports [see Fig. 8(b) ]. The results of the filter show the same discordance, which is due to the same fact.
VII. CONCLUSION
We have adapted the general hybrid method of moments and mode-matching technique of [1] to the analysis of passive SIW devices. In addition, we have applied the modal characterization of the SIW via-holes of [6] to the technique presented in this paper, and proposed a correction to the modal weights in order to improve the conditioning of the resulting system of equations. Finally, we have also proposed an original and very accurate approximation to characterize the frequency dependence of the elements of the matrix of coefficients of the new method. This approximation has allowed us to successfully and efficiently apply two different fast sweep strategies: AWE and CFH. 
